Two Wave Functions and dS/CFT on S^1 x S^2 by Conti, Gabriele & Hertog, Thomas
Two Wave Functions and dS/CFT on S1× S2
Gabriele Conti∗, Thomas Hertog†
Institute for Theoretical Physics, KU Leuven,
Celestijnenlaan 200D, 3001 Leuven, Belgium
June 29, 2015
Abstract
We evaluate the tunneling and Hartle-Hawking wave functions on S1×S2 bound-
aries in Einstein gravity with a positive cosmological constant. In the large overall
volume limit the classical predictions of both wave functions include an ensemble
of Schwarzschild-de Sitter black holes. We show that the Hartle-Hawking tree level
measure on the classical ensemble converges in the small S1 limit. A divergence in
this regime can be identified in the tunneling state. However we trace this to the
contribution of an unphysical branch of saddle points associated with negative mass
black holes. Using a representation in which all saddle points have an interior Eu-
clidean anti-de Sitter region we also derive a holographic form of both semiclassical
wave functions on S1 × S2 boundaries.
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1 Introduction
In cosmology one is interested in computing the probability measure for different classical
configurations of geometry and fields on a spacelike surface. This measure is given by
the universe’s quantum state. Predictions for our observations are obtained from this
by further conditioning on our observational situation and its possible location in each
history, and then summing over what is unobserved [1, 2].
Current models of the wave function of the universe such as Vilenkin’s tunneling
state [3, 4] or the Hartle-Hawking wave function [5] successfully predict that our clas-
sical universe emerged in an early period of inflation. In their present form however they
are based on a weighting of four-geometries that is difficult to define beyond the semi-
classical leading order in ~ approximation. It is an important goal of quantum gravity to
obtain a precise formulation of the quantum state that can be used to reliably calculate
the probability measure beyond the saddle point approximation.
The dS/CFT correspondence [6–9] can be viewed as a program in this direction. In-
spired by the Euclidean AdS/CFT duality [10], some versions of dS/CFT postulate that
the asymptotic wave function of the universe is given in terms of the partition func-
tion of deformations of CFTs on I+ [9, 11–15]. This idea has been realised concretely
e.g. in the semiclassical Hartle-Hawking state for general configurations on S3, where
the holographic form of the wave function involves the partition function of certain com-
plex deformations of Euclidean CFTs familiar from AdS/CFT [12]. The connection with
asymptotic Euclidean AdS spaces comes about because the Hartle-Hawking saddle points
in gravity coupled to a positive cosmological constant and a positive scalar potential have
a representation in which the geometry consists of a regular Euclidean AdS domain wall
that makes a smooth (but complex) transition to a Lorentzian, inflationary universe that
is asymptotically de Sitter [9, 12,14,16–18] (see also [19]). In this representation the tree
level measure on the classical ensemble of histories is given by the regularised AdS domain
wall action, which by AdS/CFT can be replaced by the logarithm of the partition function
of a dual field theory1. Since the argument of the asymptotic wave function enters as an
external source in the dual partition function this yields a holographic expression of the
Hartle-Hawking semiclassical probability measure on the ensemble of asymptotically de
Sitter histories.
Recently Anninos et al. [22] have put forward a precise realisation of dS/CFT that is
potentially valid beyond the semiclassical approximation. Their proposal relates Vasiliev’s
theory of higher spin gravity in four-dimensional de Sitter space to a Euclidean, three
dimensional conformal field theory with anti-commuting scalars and Sp(N) symmetry.
This has made possible the first precise holographic calculations of the wave function of
1See e.g. [20, 21] for a different approach to holographic cosmology.
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the universe, by evaluating the partition function of the Sp(N) CFT as a function of
various deformations. It was found however that the resulting measure exhibits several
divergences that are unexpected in well-defined, stable theories [13, 15]. This includes
divergences associated with mass deformations in the dual on S3 and with the topological
complexity on more complicated future boundaries.
Evidently it is important to understand what this means and whether these diver-
gences also occur in other theories in asymptotic de Sitter space2. If so this potentially
undermines the very notion of a wave function of the universe in quantum gravity. To
elucidate these questions we perform a careful analysis of both the tunneling and the
Hartle-Hawking wave function on S1 × S2 boundaries in Einstein gravity3. In [13] a sim-
ilar divergence was found in the small S1 limit both in a bulk calculation in Einstein
gravity and in a boundary calculation in the dual to Vasiliev gravity. Here we identify the
former divergence in the tunneling state, but we find that the Hartle-Hawking measure
converges at small S1.
However we then analyse in detail the classical predictions of both wave functions and
show that the divergence in the tunneling state is connected with the contribution of an
unphysical branch of saddle points associated with negative mass black holes in de Sitter
space. There are strong arguments that configurations describing negative mass black
holes must be excluded from the physical configuration space in quantum gravity in order
for the theory to be well-defined and stable. We show that discarding the corresponding
saddle points branches renders both the tunneling and the Hartle-Hawking wave function
in Einstein gravity on S1 × S2 well-behaved. Whether this is the correct approach in
Vasiliev gravity, which may or may not be stable, remains to be seen.
The outline of this paper is as follows: In Section 2 we compute the tunneling wave
function on S1×S2 in the large overall volume limit, as a function of the relative size of S1
and S2. We rediscover the divergence in the small S1 limit discussed in [13,15]. In Section
3 we compute the Hartle-Hawking wave function on S1×S2 and find it converges at small
S1. In Section 4 we evaluate the wave functions at finite volume and, in particular, in the
classically forbidden region. We show that classical evolution emerges only at exceedingly
large overall volumes in the small S1 limit. In Section 5 we derive the classical predictions
of the asymptotic wave functions on S1× S2. We demonstrate that the divergence in the
tunneling wave function is associated with a branch of saddle points describing negative
mass Schwarzschild-de Sitter black holes. In Section 6 we derive a holographic formulation
of the semiclassical Hartle-Hawking wave function on S1 × S2 and clarify its connection
with a Euclidean AdS wave function. We close with a discussion in Section 7.
2At least some of the divergences discussed in the context of Vasiliev gravity appear to be present also
in Einstein gravity [13–15].
3See e.g. [23] for early work on the Hartle-Hawking wave function on S1 × S2.
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2 Asymptotic Tunneling Wave Function
In quantum cosmology in the semiclassical approximation the state of the universe is
given by a wave function Ψ defined on the superspace of all possible three-geometries and
matter field configurations. All wave functions must satisfy the operator implementation
of the classical Hamiltonian constraint known as the Wheeler-DeWitt (WDW) equation
HΨ = 0, where H is a differential operator on superspace. To solve the WDW equation
one has to specify a set of boundary conditions on Ψ. This is the analogue in quantum
cosmology of specifying the initial conditions for the universe.
Vilenkin has proposed [3,4] that Ψ consists of outgoing waves only at singular bound-
aries of superspace. The physical idea behind this proposal is that the universe originates
in a non-singular quantum tunneling event. Vilenkin’s tunneling proposal can be imple-
mented as a boundary condition on the WDW equation. In the semiclassical approxima-
tion in which the wave function is written as a sum of terms of the form
ΨT =
∑
n
Ane
iSnL , (2.1)
the tunneling boundary condition amounts to a positivity condition on the conserved
current Jn =
i
2
Ψ∗T
↔
∇ ΨT = −|An|2∇SnL associated with WDW evolution.
In a cosmological context, for spherical boundaries and in a minisuperspace approxi-
mation, the semiclassical tunneling wave function predicts an ensemble of classical, ex-
panding universes with an early period of inflation [3,4]. Here we are interested in ΨT on
S2×S1 boundaries in four dimensional Einstein gravity coupled to a positive cosmological
constant Λ. The Lorentzian action of this model is given by4
SL =
1
16pi
∫
M
d4x
√−g (R− 2Λ) + 1
8pi
∫
∂M
d3x
√
hK . (2.2)
To find ΨT we evaluate the action on regular solutions with a boundary geometry of the
form5
R2cγijdx
idxj = R2c
((
βdθ
2pi
)2
+ dΩ22
)
. (2.3)
Hence the minisuperspace of this model is the two-dimensional manifold 0 ≤ Rc ≤ ∞, 0 ≤
β ≤ ∞. The four-dimensional ‘saddle point’ solutions that match onto boundaries of this
form are complex generalizations of Schwarzschild – de Sitter space. They can be written
as
ds2 = −ρ2(χ)dλ2 + dχ2 +R2(χ)dΩ22 , (2.4)
4We use Planck units where ~ = G = c = 1.
5Our calculations in this Section closely follow [13,15].
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where χ is a complex variable that runs from χ0 at the ‘South Pole’ (SP) of the saddle
points, where the geometry closes off, to χc at the boundary where R(χc) = Rc and
ρ(χc) = ρc. To match the periodicity of the S
1 at the boundary (2.3) the variable λ must
be periodic with a period λ0 given by
λ0 =
βRc√−ρ2c . (2.5)
The equations of motion for the scale factors ρ(χ) and R(χ) are
ρ¨
ρ
R + R¨ +
ρ˙
ρ
R˙ + ΛR = 0
2RR¨ + R˙2 − 1 + ΛR2 = 0
R˙2 + 2
ρ˙
ρ
R˙R− 1 + ΛR2 = 0 (2.6)
where R˙ ≡ ∂χR.
We concentrate on solutions where the S1 shrinks to zero size at the South Pole, at
a nonzero value of the S2 radius R(χ0) = R0. This class of solutions determines the
β-dependence of ΨT , which is our main focus in this paper
6. Regularity of the solutions
at the SP implies
λ0 = ± 2pii
ρ˙(χ0)
= ± 4piiR0
1− ΛR20
. (2.7)
The second equality follows from the equations of motion (2.6) which admit a first integral
of the form
ρ2 = R˙2 = 1− α
R
− Λ
3
R2 , (2.8)
where the constant of integration α = R0− (Λ/3)R30. Evaluating the action (2.2) on these
solutions yields
SL = −λ0
12
(
9R0 − ΛR30 − 12Rc + 4ΛR3c
)
. (2.9)
The boundary value Rc is real and positive of course, but R0 is in general complex.
The latter can be used to label the different saddle points. Combining (2.7) with (2.5) and
using (2.8) yields the following quintic equation for R0 in terms of the argument (β,Rc),
−16pi2R20
(
− 1
R2c
+
R0 − Λ3R30
R3c
+
Λ
3
)
= β2(1− ΛR20)2 . (2.10)
We discuss the solution of this equation for general values of the argument (β,Rc) in
Section 4. Here we concentrate on the classical region of superspace Rc  1/
√
Λ. In this
6When the S2 shrinks to zero size regularity at the SP implies that the saddle point is a quotient of
de Sitter space with an amplitude that is independent of β. Hence this class of solutions merely accounts
for an overall normalisation factor.
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Figure 1: The saddle points can be labeled by the complex value R0 of the overall scale
factor R at the South Pole. They are naturally divided in four classes corresponding to
values R0 in different quadrants of the complex R0-plane. For each boundary configuration
(Rc, β) in the classical region of superspace there is one saddle point in each quadrant that
potentially contributes to the wave function. We show the behavior of R0 as a function
of β (along the curves in each quadrant), for a number of values of the overall boundary
radius Rc in the classical region of superspace. As β → ∞ we have R0 → ±1/
√
Λ, and
Λ = 3 here. In the Rc →∞ limit the four curves lie on the imaginary axis for β ≤ 2pi/
√
3
and on the circle at radius |R0| = 1/
√
Λ for larger β.
region there are four classes of solutions corresponding to values R0 in different quadrants
of the complex R0-plane. For each boundary configuration (Rc, β) there is one saddle
point in each quadrant. Figure 1 shows the behavior of R0 as a function of β in each
quadrant, for a number of values of the overall boundary radius Rc in the classical region
of superspace.
In the Rc → ∞ limit the four curves tend to curves that run along the imaginary
axis for β ≤ 2pi/√3 and along a circle of radius |R0| = 1/
√
Λ for larger values of β. In
this limit (2.10) reduces to a quartic equation which can be solved analytically [13, 15],
yielding
R0 = − 2pi
βΛ
(
ρc/Rc ±
√
(ρc/Rc)2 +
β2
4pi2Λ
)
+O
(
1
Rc
)
. (2.11)
The equations of motion together with the boundary conditions (2.7) at the SP imply
that ρc/Rc → −i
√
Λ/3 in the large Rc regime if Im[R0] > 0 and ρc/Rc → +i
√
Λ/3 for
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saddles with Im[R0] < 0. Hence (2.11) describes the limiting (large Rc) behaviour of the
four classes of solutions shown in Fig. 1. In the large Rc regime eq. (2.5) becomes
λ0 =
β√
Λ/3
(
1 +
3
2ΛR2c
− 3α
2ΛR3c
)
+O
(
1
R4c
)
. (2.12)
Substituting this in the action (2.9) yields
iSL = −i β√
Λ/3
(
Λ
3
R3c −
1
2
Rc +
1
4
R0(1 +
Λ
3
R20)
)
+O
(
1
Rc
)
, (2.13)
with R0 given by (2.11). Hence the action obeys the positivity condition on the conserved
current in the Lorentzian regime for all four classes of saddle points. It would therefore
seem they all contribute to the tunneling wave function ΨT .
At large overall volume the semiclassical wave function can be elegantly expressed in
terms of a universal phase factor - which accounts for the ‘counterterms’ in holographic
discussions - multiplied by a sum of asymptotically finite ‘regularized’ saddle point actions.
From (2.13) we obtain
ΨT [β,Rc] ∝ 1
2
eiSct
(
cosh(I1R)e
iSR + cosh(I2R)e
−iSR) (2.14)
where
iSct(β,Rc) = −i β√
Λ/3
(
Λ
3
R3c −
1
2
Rc
)
, (2.15)
and
iSR(β) = −i
(
(β2 − 4pi2)3/2
9Λβ2
)
(2.16)
if β > 2pi/
√
3, and iSR = 0 otherwise. The amplitudes in eq. (2.14) are given by
I1R(β) = −I4R(β) =
4pi2
9β2Λ
Re
[(
−1 +
√
1− 3β
2
4pi2
)(
3β2
2pi
− pi + pi
√
1− 3β
2
4pi2
)]
I2R(β) = −I3R(β) =
4pi2
9β2Λ
Re
[(
1 +
√
1− 3β
2
4pi2
)(
−3β
2
2pi
+ pi + pi
√
1− 3β
2
4pi2
)]
(2.17)
where the superscript on IR in (2.17) corresponds to the label of the quadrant in Fig 1.
For β > 2pi/
√
3 we have I1R = I¯
2
R with imaginary part given by (2.16) and real part
given by
I1R(β) = −
(
pi
Λ
− 8pi
3
9Λβ2
)
, (2.18)
which tends to the well known Nariai amplitude −pi/Λ as β →∞. Even though the phase
of the wave function is dominated by the universal iSct factor at large overall volume, we
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will see in Section 5 that the imaginary part of the regularized actions (2.18) plays a
crucial role on the classical predictions of the wave function.
For β 6 2pi/
√
3 the solutions R0 are purely imaginary. The regularized actions (2.17)
are all real in this regime, but there is no obvious relation between I1R and I
2
R. Indeed in
the β → 0 limit,
I1R → 0 , I2R =
16pi3
9Λβ2
→∞ . (2.19)
The second class of solutions gives rise to a diverging amplitude as observed in [13, 15].
Here we have found that this divergence emerges as a feature of the tunneling wave
function. We return to its interpretation below, but we first evaluate the Hartle–Hawking
wave function on S1 × S2.
3 Asymptotic Hartle–Hawking Wave Function
A different proposal for boundary conditions on the Wheeler-de Witt equation is due to
Hartle and Hawking [5] who have suggested, inspired by the Euclidean construction of
the ground state wave function in field theory, that the wave function of the universe is
given in terms of an appropriately defined Euclidean path integral. In the semiclassical
approximation the Hartle–Hawking (HH) wave function is thus given by
ΨHH(ξ) '
∑
n
e−I
n
E [ξ] (3.1)
where InE is the Euclidean action of a compact, regular - and therefore generally complex
- saddle point solution that matches the real boundary data ξ on its only boundary. The
sum over saddle points is such that the resulting wave function is real.
The Euclidean action of the model we consider here reads
IE = − 1
16pi
∫
M
d4x
√
g (R− 2Λ)− 1
8pi
∫
∂M
d3x
√
hK . (3.2)
To evaluate the HH wave function on S1 × S2 boundaries (2.3) we consider Euclidean
four-geometries of the form
ds2 = dχ2 + ρ2 (χ) dω2 +R2 (χ) dΩ22 . (3.3)
where, as before, the variable χ goes from χ0 at the SP where the S
1 smoothly caps off
and R(χ0) = R0, to χc at the boundary where R(χc) = Rc. In order for the circle in (3.3)
to match the periodicity of the S1 at the boundary (2.3) we must have
ω0 =
βR(χc)
ρ(χc)
. (3.4)
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The Euclidean action evaluated on solutions of the form (3.3) is given by
IE =
ω0
12
(
9R0 − ΛR30 − 12Rc + 4ΛR3c
)
. (3.5)
Smoothness at the SP requires ω to be periodic with periodicity
ω(χ0) ≡ ω0 = 2pi
ρ˙(χ0)
=
4piR0
1− ΛR20
, (3.6)
where the last equality follows from the equations of motion. Combining this with (3.4)
yields again the quintic equation (2.10) for R0 as a function of Rc and β. Hence we obtain
the same set of saddle points in the large Rc-limit as before, specified by the solutions
(2.11). Their relative weighting however will be different as we see below.
It follows from (3.6) that saddle points specified by complex conjugate values of R0
have complex conjugate ω0. Using (3.4) this means that complex conjugate R0 go together
with complex conjugate values ρ(χc) (since β and Rc are real and positive). Expanding
(3.4) for large Rc thus gives
ω0 = ±i β√
Λ/3
(
1 +
3
2ΛR2c
− 3α
2ΛR3c
)
+O
(
1
R4c
)
, (3.7)
where the overall plus sign corresponds to saddles with Im[R0] > 0 and vice versa.
Substituting this in the Euclidean action (3.5) yields
IE = ±i β√
Λ/3
(
Λ
3
R3c −
1
2
Rc +
1
4
R0(1 +
Λ
3
R20)
)
+O
(
1
Rc
)
, (3.8)
where the overall plus sign again corresponds to saddle points with Im[R0] > 0. Summing
the contributions of all four saddle points yields the following result for the semiclassical
HH wave function evaluated on S1 × S2,
ΨHH [β,Rc] ∝ e−I1R cos[Sct + SR] + e−I2R cos[Sct − SR] (3.9)
where Sct and SR are given by (2.15) and (2.16), and I
1
R and I
2
R are given by (2.17).
The semiclassical HH wave function (3.9) is manifestly real as expected. Its behaviour
in the regime β > 2pi/
√
3 follows directly from (2.18). The usual Nariai limit in which
I1R = I
2
R = −pi/Λ emerges as β →∞. At the critical value β ≡ βc = 2pi/
√
3 the amplitude
of both terms in (3.9) is given by IR = −pi/(3Λ). At low β the HH wave function behaves
very differently from the tunneling wave function (2.14). Whereas ΨT diverges in this
limit, the HH wave function is manifestly well-behaved since I1R → 0 and I2R → ∞ as
β → 0.
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Figure 2: The trajectories in the complex R0-plane that specify the four saddle points
contributing to ΨT as a function of the boundary value Rc, for a number of different
values of β. The left panel shows the four solutions R0(Rc) for three values of β in the
high temperature regime β ≤ 2pi/√3 in which R0 tends to a purely imaginary value as
Rc → ∞. The right panel shows R0(Rc) for three values of β in the low temperature
regime β > 2pi/
√
3 in which the four curves tend to a point on the circle |R0| = 1/
√
Λ in
the Rc →∞ limit.
4 Wave Functions in the Classically Forbidden Regime
We now proceed to evaluate ΨT and ΨHH for all values of Rc and in particular in the
classically forbidden region of superspace 0 ≤ Rc ≤ 1/
√
Λ where the superpotential
U (Rc, β) = Rcβ(1− ΛR2c) (4.1)
is positive. This is the regime where the wave functions don’t oscillate - and hence cannot
be interpreted in terms of (an ensemble of) classical histories - but where they either grow
or decay. This is also where the difference between the boundary conditions on ΨT and
ΨHH becomes most manifest.
The semiclassical tunneling wave function is specified by the boundary condition that
the wave function consists of outgoing modes only in the classical region of superspace
Rc  1/
√
Λ. Therefore to evaluate ΨT at finite values of Rc and in particular in the clas-
sically forbidden region we start from its large Rc form (2.14) and solve (2.10) numerically
to find the wave function at smaller values of Rc.
For each value of β this yields four curves R0(Rc) in the complex R0-plane, corre-
sponding to four families of saddle points. As Rc increases the curves tend to two pairs of
complex conjugate values R0 that define ΨT in the Rc →∞ limit as discussed above. Fig.
2 shows several examples of saddle point trajectories R0(Rc) in the complex R0-plane, for
a number of different values of β.
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Figure 3: The semiclassical tunneling wave function evaluated on S1 × S2 as a function
of the overall scale factor Rc, for two different (representative) values of the relative size
β, i.e. β = 1.6 (left) and β = 15 (right). As β decreases the amplitude of the asymptotic
classical configuration increases.
As before we can clearly distinguish a low - and a high temperature regime. If β ≤ 2pi√
3
the trajectories start out somewhere on the imaginary axis in the Rc → ∞ limit. At a
critical boundary radius Rc ∼ 1/
√
Λ each pair of complex conjugate solutions tends to a
real solution7. The latter then becomes a pair of real solutions as Rc decreases further,
with R0 → ±
√
3/Λ and R0 → 0 in the Rc → 0 limit.
If β > 2pi√
3
the trajectories start out somewhere on the circle in Fig. 1. Other than this
their behaviour is rather similar to the low β regime, except that the branch of solutions
with Re[R0] > 0 is specified by complex R0 over the entire range of radii Rc.
To find ΨT (Rc, β) we evaluate the action (2.9) on the above solutions R0(Rc, β) and
sum over the different saddle points. As eq. (2.14) shows in the large Rc regime this
yields a superposition of two outgoing waves. Each wave receives contributions from a set
of saddle points with complex conjugate R0.
At the boundary of the classical region - or more precisely, at the critical value of the
boundary radius Rc where the saddle points become real - we use the WKB connection
formulae to find the wave function under the barrier. The latter takes the form [4]
ΨT (Rc, β) =
∑
j=1,2
(
Ψj+(Rc, β)−
i
2
Ψj−(Rc, β)
)
. (4.2)
Here the index j labels the individual terms (waves) in (2.14). That is, the linear com-
binations in (4.2) are matched, for each j, onto an outgoing wave in the classical region.
The subscript +/− refers to the leading/subleading saddle point under the barrier. The
solutions Ψ± in the classically forbidden region are approximately real.
7The precise value of Rc at which the transition from complex to real saddle points occurs slightly
depends on β and on the branch.
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Figure 4: The trajectories in the complex R0-plane that specify the saddle points con-
tributing to ΨHH as a function of the boundary value Rc, for a number of different values
of β. The left panel shows the solutions R0(Rc) for three values of β in the regime
β ≤ 2pi/√3 in which R0 tends to a purely imaginary value as Rc → ∞. The right panel
shows R0(Rc) for three values of β in the regime β > 2pi/
√
3 in which the curves tend to
a point on the circle |R0| = 1/
√
Λ in the Rc →∞ limit.
We illustrate the resulting behaviour of the tunneling wave function in Fig.3 for two
representative values of β, namely β = 1.6 as an example in the high temperature regime
and β = 15 as an example at low temperature. One clearly sees that the oscillatory
behaviour characteristic of the classical WKB regime only emerges at sufficiently large
boundary values Rc  1/
√
Λ - well inside the classical region of superspace. The am-
plitude of the outgoing wave increases for decreasing β, and diverges for β → 0 as we
discussed above. In the classically forbidden region the wave function grows under the
barrier in a way reminiscent of the tunneling wave function on S3 boundaries in a cosmo-
logical context [4].
We now turn to the Hartle–Hawking Wave Function in the classically forbidden region.
A defining feature of ΨHH is the boundary condition that the wave function decays in
the Rc → 0 limit. In the saddle point approximation this selects the branches of saddle
points for which R0 → 0 as Rc → 0. In terms of the wave function, this selects only the
Ψj− WKB components under the barrier.
Therefore to find the Hartle-Hawking wave function at finite nonzero values of Rc we
numerically solve (2.10) and select the branches of solutions which yield a semiclassical
wave function that obeys the above boundary condition as Rc → 0. As expected from
the form of the superpotential (4.1) we find ΨHH decays under the barrier and oscillates
with an approximately constant amplitude given by (3.9) in the region Rc  1/
√
Λ.
The wave function also depends on β. As before we can clearly distinguish a low -
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and a high temperature regime. For β ≤ 2pi/√3 the Hartle-Hawking boundary condition
selects two saddle point solutions in the small Rc regime which are specified by real values
of R0. At a critical boundary radius Rc around 1/
√
Λ each real solution splits8 in a pair
of saddle points specified by complex conjugate values of R0. We use the WKB matching
conditions at that point to obtain the wave function at larger values of Rc where we
recover the oscillating wave function (3.9) in the region Rc  1/
√
Λ.
We show the saddle point trajectories R0(Rc) in the complex R0-plane in Fig. 4(a),
for four values of β ≤ 2pi/√3. The trajectories of course tend to two pairs of complex
conjugate points on the imaginary axis as Rc →∞. In the β → 0 limit the limiting points
have |R0| → ∞ for one pair of solutions and |R0| → 0 for the second pair.
The behaviour of R0(Rc) in the low temperature regime β >
2pi√
3
is summarised in Fig.
4(b). The trajectories of the branch that starts out at R0 < 0 for small Rc tend to a point
on the |R0| = 1/
√
Λ circle away from the imaginary axis as Rc →∞. The second pair of
solutions has complex R0 for all values of Rc > 0, except at Rc = 0 and at Rc = 1/
√
Λ
when R0 = 1/
√
Λ.
To find ΨHH(Rc, β) we evaluate the Euclidean action (3.5) on the above solutions
R0(Rc, β) and sum over the different saddle points. The resulting wave function is shown
in Fig. 5 for two representative values of β, namely β = 1.6 as an example in the high
temperature regime and β = 15 as an example at low temperature. One clearly sees
that the oscillatory behaviour characteristic of the classical WKB regime only emerges
at sufficiently large boundary values Rc  1/
√
Λ - well inside the classical region of
superspace. The asymptotic amplitude of ΨHH increases with increasing β and tends
to the Nariai amplitude e
pi
Λ in the β → ∞ limit. For boundary values Rc < 1/
√
Λ in
the classically forbidden region the wave function is given by a sum of approximately
real saddle points. As expected it does not oscillate but generally exhibits a growing
behaviour. A transition region around Rc ∼ 1/
√
Λ connects both regimes.
5 Predictions in the Classical Domain
In the previous sections we saw that ΨT and ΨHH oscillate fast in the large overall volume
region. This is the realm of superspace where we expect both wave functions to predict a
set of real classical histories that are solutions of the Lorentzian Einstein equations [24].
In this section we compute this classical ensemble.
Classical evolution emerges at large Rc because both wave functions take a WKB form
(more specifically, a sum of such forms)
Ψ[β,Rc] ≈ A(β,Rc) exp{±iS(β,Rc)/~}, (5.1)
8The exact value of Rc at which this happens depends on β and on the branch.
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Figure 5: The semiclassical Hartle–Hawking wave function evaluated on S1 × S2 as a
function of the overall scale factor Rc, for two different (representative) values of the
‘temperature’ β, i.e.β = 1.6 (left) and β = 15 (right). The wave function oscillates when
Rc  1/
√
Λ where it predicts an ensemble of Lorentzian, classical Schwarzschild - de
Sitter spaces with relative probabilities given by the amplitude of the wave.
where S varies rapidly over the region and A varies slowly [24]. That is9, each term
satisfies
|∇βA/A|  |∇βS|, |∇RcA/A|  |∇RcS| (5.2)
with A = exp±InR and S = Sct ± SR.
Under these circumstances the WDW equation implies that S satisfies to a good ap-
proximation the classical Hamilton-Jacobi equation [24]. In a suitable coarse-graining
the only histories that have a significant probability are then the classical histories corre-
sponding to the integral curves of S. This is analogous to the prediction of the classical
behavior of a particle in a WKB state in non-relativistic quantum mechanics.
Integral curves are found by integrating the classical relations relating momenta to
derivatives of the action,
pβ = ∇βS, pRc = ∇RcS. (5.3)
The solutions β(t) and Rc(t) of (5.3) are curves in superspace that define a set of classical,
Lorentzian histories of the form
ds2 = −dt2 +R2c(t)
((
β(t)dθ
2pi
)2
+ dΩ22
)
. (5.4)
The relations between superspace coordinates and momenta (5.3) mean that to leading
order in ~, and at any one time, the classical histories predicted by a wave function of
the universe do not fill classical phase space. Rather, they lie on a surface within classical
phase space of half its dimension.
9We assume for now that β is not too small and return to the β → 0 limit in Section 4.
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The relative probabilities of the individual coarse-grained classical histories in the en-
semble are given by A. They are constant along the integral curves as a consequence of
the Wheeler-DeWitt equation (cf [24]). Hence they give the tree level measure of different
possible universes in the classical ensemble predicted by a particular wave function.
The classical predictions of ΨT and ΨHH evaluated on S
1 × S2 in the large Rc limit
can be obtained from their asymptotic form (3.9) and (2.14). It is immediately clear that
both wave functions predict the same ensemble of classical histories, albeit with different
relative probabilities10. The asymptotic classical ensemble comprises two distinct sets of
histories. For β ≤ 2pi/√3, where R0 is purely imaginary at large Rc, the saddle points
are associated with classical histories that are simply quotients of de Sitter space. This is
because in this region the phase of both wave functions is given entirely by the universal
factor Sct given by (2.15).
By contrast, if β > 2pi/
√
3 then the ‘renormalised’ actions (2.18) contribute a phase
factor ±SR to the wave function given by (2.16). In this regime we have
±∇βSR = −1
2
√
3/ΛRe[α] , (5.5)
and the integral curves specified by
R˙c =
1√
Λ/3
(
Λ
3
Rc − 1
2Rc
+
Re[α]
2R2c
)
(5.6)
β˙ =
β√
Λ/3
(
1
R2c
− 3Re[α]
2R3c
)
. (5.7)
Eq. (5.6) is nothing but the Lorentzian version of the large Rc expansion of the first
integral (2.8). The asymptotic solutions are
Rˆ(t) ≡ Rc(t) = exp
[√
Λ
3
t
]
+O(1/Rˆ2), β = β∞ +O(1/Rˆ2) (5.8)
where β∞ is a constant of integration that specifies the asymptotic relative size of S1 and
S2. Using the first integral (5.6) and defining an S1 scale factor ρˆ ≡ ˙ˆR the asymptotic
Lorentzian solutions (5.4) with Rˆ and β given by (5.8) can be written as
ds2 = − dRˆ
2
−1 + 2M
Rˆ
+ Λ
3
Rˆ2
+
(
−1 + 2M
Rˆ
+
Λ
3
Rˆ2
)
dx2 + Rˆ2dΩ22 , (5.9)
where the mass M is given by
M =
1
2
Re[α] =
1
2
Re[R0 − Λ
3
R30] (5.10)
10The lack of a divergence as β → 0 in ΨHH is just one manifestation of this.
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and we have introduced hats to distinguish the real variable Rˆ that enters in the clas-
sical, Lorentzian histories from the complex variable R that describes the saddle point
geometries. Therefore at low β both wave functions predict (two copies of) an ensemble
of Schwarzschild-de Sitter spaces. The black holes have positive mass M in histories as-
sociated with saddle points that have Re[R0] > 0. By contrast Re[R0] < 0 saddle points
correspond to negative mass black holes. For a quantum gravity theory to be well-defined
and stable, configurations like negative mass black holes should be excluded from the
physical configuration space [25]. In the context we consider here this means the contri-
butions to the wave function of the corresponding branches of saddle points should be
discarded. This also eliminates the divergence of ΨT in the small β limit, which (cf. eq.
(2.19)) is associated with the saddle point branch in the second quadrant in Fig. 1.
Only part of the Lorentzian geometry is directly (geometrically) connected to the com-
plex saddle points. However one can classically extrapolate the asymptotic solutions using
the Lorentzian Einstein equations to obtain other parts of the Lorentzian histories, such
as the region inside the horizons where Rˆ behaves as a radial direction and x becomes the
time direction. To what extent a classical extrapolation beyond the horizon is justified
will be discussed elsewhere [26].
Finally let us return to the β → 0 regime. In the β → 0 limit the ratio of the gradients
(5.2) with respect to β is given by
|∇βIR|/|∇βS| ∼ 1/β3R3c . (5.11)
This suggests that classical evolution may not be predicted by the wave functions as
β → 0, even at large values of Rc. We illustrate this in Figure 6(a) where we show
ΨHH(Rc) for β = 0.1. One sees that the classical, oscillatory WKB behaviour emerges
at boundary radii Rc that are much larger than the radii at which the quantum/classical
transition occurs in the wave function evaluated at the larger values of β shown in Fig. 5.
It is interesting that neither ΨT nor ΨHH appears to predict classical evolution in this
limit. Moreover this is independent of the inclusion of the divergent branch in ΨT in this
limit. This is because the breakdown of the classicality conditions as β → 0 is not so
much due to large variations in the amplitude but rather to slow variations of the phase.
The fact that the classicality conditions fail in the β → 0 limit need not itself be an
indication of an instability. However in regions of superspace where the wave function does
not predict classical evolution it is difficult to interpret, because probabilities in quantum
cosmology are generally assigned to four-dimensional, decoherent classical histories only.
We have seen that the real Lorentzian histories are not the same as the complex saddle
points that determine their probabilities. There is however a convenient geometric rep-
resentation of the saddle points in which their connection with asymptotically classical
histories is explicit [12, 24]. This is obtained by representing the complex solutions ρ(χ)
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Figure 6: Classical evolution only emerges at large boundary radii when β is small.
l
e
Figure 7: Contour in the complex χ-plane along which the geometry of saddle points in
the fourth quadrant of Fig. 1 consists of a complex, approximately Euclidean geometry
smoothly joined onto a Lorentzian, classical, Schwarzschild-de Sitter space.
and R(χ) along an appropriate contour in the complex χ-plane, starting from χ0 at the
SP to χc at the boundary. An example of such a contour for a saddle point in the fourth
quadrant of Fig. 1 is shown in Fig. 7, where we have chosen χ0 = 0 without loss of
generality. Writing χ = x + iy the contour first runs along the real x-axis to a turning
point xT from where it goes vertically. The turning point is chosen so that as y →∞,
Re[ρ(y)]→ 0 , Im[R(y)]→ 0 (5.12)
along the contour. A vertical curve of this kind exists in the complex R0-plane provided
R0 is a solution of (2.10). The value of the turning point xT depends on the boundary
data β and Λ. This is illustrated in Figure 8 where we plot xT (β) for three different values
of Λ.
If the conditions (5.12) hold then the complex saddle point geometry (3.3) smoothly
tends to a real, Lorentzian four-geometry along the vertical part of the contour, of the
17
Figure 8: The turning point xT as a function of β for saddle points in the 1st and 4th
quadrant of fig. 1. From top to bottom Λ = 2, 3, 4. For β ≤ 2pi/√3 the turning point is
independent of β and given by xT = pi/2H with H =
√
Λ/3 as expected.
form
ds2 = −dyˆ2 + ρˆ2dωˆ2 + Rˆ2dΩ22 , (5.13)
where ρˆ(y) ≡ Im[ρ], Rˆ(y) ≡ Re[R] and ωˆ ≡ Im[ω0]. This agrees with the classical histories
obtained from the integral curves of the phase of the saddle point action. Indeed using
the Lorentzian version of the first integral it is straightforward to write the solution (5.13)
in the form (5.9).
6 Holographic Wave Functions
In this section we derive a holographic form of both wave functions on S1 × S2 by gener-
alising the results in [12] for the Hartle-Hawking wave function on topologically spherical
boundaries.
In [12] it was shown that in the large volume limit, the complex saddle points of the
Hartle–Hawking wave function on S3 in cosmological models with a positive cosmological
constant and a positive scalar potential have a representation in which the geometry
consists of a regular Euclidean AdS domain wall that makes a smooth transition to a
Lorentzian, inflationary universe that is asymptotically de Sitter. In this representation,
the complex transition region between AdS and dS regulates the volume divergences of
the AdS action and accounts for the universal phase factor of the wave function. The
approximately Euclidean AdS region in turn encodes the information about the state and
provides the tree level measure. Specifically the action of all saddle points in this model
can be written as
IE(φ, a) = −IregAdS(φ˜) + iSct(φ, a) +O(1/a) (6.1)
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Figure 9: The saddle point representation in which the saddle point geometry is Euclidean
Schwarzschild-AdS along the vertical part (a) of the contour. This representation serves
as a guide in the derivation of a holographic formulation of the Hartle-Hawking wave
function in terms of a field theory defined on the conformal boundary geometry.
where a and φ are the boundary values of the scale factor and field, and φ˜ is a complex
intermediate value in the asymptotic AdS region that is fully determined by φ [12].
Eq. (6.1) directly leads to a dual formulation of the semiclassical Hartle–Hawking
measure in which ΨHH is given in terms of the partition function on S
3 of (complex)
deformations of the same CFTs that occur in AdS/CFT [12].
We now show that this result generalises to the Hartle-Hawking wave function evaluated
on S1 × S2. Further, since the semiclassical tunnelling wave function involves the same
saddle points - albeit weighted differently - a similar derivation also yields a holographic
form of the tunnelling wave function.
The action of a saddle point is an integral of its complex geometry that includes an
integral over time χ. Different complex contours11 for this time integral yield different
geometric representations of the saddle point, without changing the action. This freedom
in the choice of contour gives physical meaning to a process of analytic continuation —
not of the Lorentzian histories themselves — but of the saddle points that through their
action define the probability measure on the classical ensemble.
The contour we considered in Section 4 and shown in Fig. 7 was particularly useful to
exhibit a geometric connection between the complex saddle points and the real, Lorentzian
histories. But it is not the only useful representation of the saddle points. Consider the
contour shown in Fig. 9, for a solution with Im[R0] > 0. This has the same endpoints,
11This should not be confused with the choice of contours of path integrals that determines which
saddle points to include. We are talking here about different representations of a given saddle point.
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the same action, and makes the same predictions. But the geometry is different. The
contour can be divided in a part (e) along the horizontal axis from the SP at χ0 = 0 to
χe = xa = xT −pi/2, a part (a) that runs vertically to an intermediate point χa = xa+ iya
where R ≡= iRc and a part (h) along the horizontal branch connecting χa to the endpoint
χc = xT + iyc.
The geometry along part (a) is especially interesting. Along this part of the contour
Im[ρ]→ 0 , Re[R]→ 0 , Re[ω]→ 0. (6.2)
Hence for sufficiently large ya the saddle point can be conveniently written in terms of
approximately real variables,
ds2 = −dy2 − ρ2dω˜2 − R˜2dΩ22 (6.3)
where R˜ ≡ −iR and ω˜ = −iω. Using the first integral (2.8) this becomes
ds2 = − dR˜
2
1− 2M˜
R˜
− ΛAdS
3
R˜2
−
(
1− 2M˜
R˜
− ΛAdS
3
R˜2
)
dω˜2 − R˜2dΩ22 . (6.4)
This is Euclidean Schwarzschild – AdS with ΛAdS = −Λ and mass
M˜ ≡ − i
2
α = − i
2
(R0 +
ΛAdS
3
R30) =
1
2
(R˜0 − ΛAdS
3
R˜30) (6.5)
with R0 given by (2.11).
Fig. 1 shows that the AdS black hole mass is real and positive in the large volume
limit for β ≤ 2pi/√3 whereas it is complex for larger β. This is expected since there is a
critical temperature Tc =
√
Λ/(2pi) below which there are no (real!) AdS black holes [27].
Evaluating eq. (3.4) in the large Rc limit shows that β = 2pi/
√
3 precisely corresponds to
Tc. The saddle point branch outside the |R0| = 1/
√
Λ circle in Fig. 1 corresponds to the
large black holes that are thermodynamically stable in AdS.
A similar AdS representation can be found for saddle points with Im[R0] < 0. In
this case the vertical part (h) of the contour runs down to negative values of y. The
Schwarzschild-AdS geometry (6.4) of these saddle points can be made explicit in terms of
the radial variable R˜ ≡ iR which is real and positive along the AdS part of the contour.
The black hole mass M˜ = + i
2
α which is again given by the right hand side of (6.5) and
positive.
It remains to compute the action along the AdS contour of Fig. 9, in the large volume
limit Rc  1/
√
Λ. The total action integrated along the first two legs of the contour is
given by
I
(e)+(a)
E (β, R˜c) = −
β√
Λ/3
(
ΛAdS
3
R˜3c −
1
2
R˜c − i
4
R0(1− ΛAdS
3
R20)
)
+O
(
1
R˜c
)
. (6.6)
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As expected the action along (a) exhibits the usual volume divergences in the R˜c → ∞
limit that are characteristic of the action of asymptotically AdS spaces. The divergent
terms are universal and account for what are known as the counterterms (2.15) in holo-
graphic discussions [28,29]. The asymptotically finite contribution to the action along (a)
is not universal and encodes information about the state and the dynamics. It is closely
related to the regularised AdS action which in terms of the natural radial AdS variable
R˜ reads
IregAdS(β) =
β
4
√
Λ/3
R˜0(1 +
ΛAdS
3
R˜20) . (6.7)
Substituting this in (6.6) yields
I
(e)+(a)
E (β, R˜c) = −IregAdS(β) + Sct(β, R˜c) +O
(
1/R˜c
)
, (6.8)
where the counterterms Sct are given by (2.15) evaluated on the boundary (β, R˜c). The
action along the horizontal leg of the contour is given by
I
(h)
E (β, R˜c, Rc) = −Sct(β, R˜c)− iSct(β,Rc) . (6.9)
Hence this part of the contour merely regulates the volume divergences and supplies the
universal phase factor of the wave function. Taken together this means the saddle point
actions in the large volume limit can be written as
IE(β,Rc) ≈ −IregAdS(β)− iSct(β,Rc) . (6.10)
Therefore the requirement that a configuration on the final boundary behaves classi-
cally, with constant IR, automatically regulates the volume divergences associated with
the action of the Euclidean AdS regime of the saddle point. This implies that the leading
order in ~ probabilities of the classical Schwarzschild-de Sitter histories can be calculated
either from the dS representation of the saddle points or from their representation as
Euclidean Schwarzschild-AdS spaces.
Eq. (6.10) provides a natural connection between ΨHH on S
1×S2 boundaries in pure de
Sitter gravity and Euclidean AdS/CFT. The Euclidean AdS/CFT correspondence relates
IregAdS(β) in turn to minus the logarithm of the large N limit of the partition function
ZCFT [β] of a dual conformal field theory defined on the conformal boundary γ (cf. eq.
(2.3)). This yields a dual formulation of the semiclassical NBWF – and hence a concrete
realization of a semiclassical dS/CFT duality – in terms of one of the known, unitary
dual field theories familiar from AdS/CFT [12]. In this dual description, the semiclassical
Hartle-Hawking wave function (3.9) is of the form
1
ZCFT (β)
cos[Sct(β,Rc)] . (6.11)
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Hence the argument β of the wave function in the large volume limit enters as an external
source in the dual partition function. The dependence of the partition function on the
value of β then gives a dual Hartle-Hawking probability measure on the space of classical
asymptotic configurations.
The semiclassical tunnelling wave function (2.14) involves the same complex saddle
points as the HH wave function but weighted differently. Therefore (6.10) can also be
used to put forward a holographic form of ΨT in the large Rc-regime [30]. Substituting
(6.10) in (2.14) yields the following holographic representation of the growing branch of
ΨT ,
ΨT ∼ ZCFT (β)eiSct(β,Rc). (6.12)
In principle one can use the holographic expressions (6.11) and (6.12) to compare
semiclassical bulk results for the wave functions with the predictions of a dual boundary
theory. At this point explicit boundary calculations with scalar sources are feasible only for
the Sp(N) or O(N) conformal field theories which are conjectured to be dual to Vasiliev’s
higher-spin gravity, respectively in asymptotic de Sitter space [22] and in AdS [31].
Nevertheless the partition functions of those models might qualitatively capture certain
aspects of the behaviour of wave functions in Einstein gravity. This was the approach
pursued in [13,15] in the context of the dS/CFT proposal of [22], where it was found that
the partition function of the Sp(N) model on S1 × S2 exhibits a divergence in the small
S1 limit that is of the same form as the behaviour of ΨT in Einstein gravity, provided the
second branch is included12.
The holographic form of the wave functions we derived above is differs somewhat from
the dS/CFT proposal [22] used in [13,15] in that it (again for Vasiliev gravity) involves the
AdS dual O(N) model rather than the Sp(N) model. This is because we have used the
complex analytic structure of the saddle points to relate the semiclassical wave functions
in asymptotic dS to (Euclidean) AdS rather than taking N → −N in the dual to ‘continue’
from AdS to dS. However the net result at this level of comparison is the same. Indeed
the partition function of the bosonic O(N) vector model at large temperature is [32]
logZCFT = 4ζ(3)N/β
2 . (6.13)
Substituting this in (6.12) one sees this qualitatively reproduces the behaviour (2.19) of
ΨT along the divergent branch in the small S
1 limit.
It follows from (6.11) that the dual partition function (6.13) also qualitatively repro-
duces the behaviour of ΨHH along the same branch. In the Hartle-Hawking state however
12In [13,15] the divergence in the Sp(N) model was associated with a divergence of the Hartle-Hawking
wave function in Einstein gravity. However Section 2 of this paper illustrates that the calculations
in [13,15] actually compute the tunnelling wave function.
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this is a subleading branch of the wave function. It is an important open problem in
holographic cosmology and in holography in general to access the second branch of bulk
wave functions from a dual boundary theory.
7 Discussion
We have evaluated the semiclassical tunneling and Hartle-Hawking wave functions on
S1 × S2 in Einstein gravity coupled to a positive cosmological constant. Over most of
superspace there are four branches of complex saddle points that can contribute to the
wave functions. In the classical region of superspace – at large overall volume – the
wave functions predict an ensemble of real Lorentzian histories. Asymptotically the wave
functions are functions of the relative size of S1 and S2. When the S1 is sufficiently large
(relative to the S2) the real, asymptotic classical histories that correspond to the complex
saddle points are Schwarzschild-de Sitter black holes. Two branches describe black holes
with positive mass whereas the remaining two are associated with negative mass black
holes. The latter branches give rise to a divergence in the tunneling state at small S1. By
contrast the Hartle-Hawking wave function appears to be well-behaved in this regime.
Singularities associated with negative mass black holes are not expected to be ‘resolved’
in quantum gravity. This is because the resolution of such singularities would yield regular
solutions with negative energy and thus lead to a theory without a stable ground state [25].
Configurations like negative mass black holes with naked, timelike singularities should
therefore be excluded from the physical configuration space. This is possible if they lie
in a separate ‘superselection’ sector of the theory. In the quantum cosmological context
considered here the most natural way to do this is to discard the contribution to the wave
function of the branches of saddle points associated with negative mass black holes at
large S1. We have shown this also resolves the problem of the divergence of the tunneling
state in Einstein gravity in the small S1 limit.
Whether this is the correct procedure in Vasiliev gravity remains an open question,
because Vasiliev gravity may not be a stable theory. At present most of what we know
about Vasiliev gravity is based on calculations in the boundary theory. One might argue
that our results in the context of an Einstein gravity bulk support the interpretation [13,15]
that the divergences indicate Vasiliev gravity is unstable, because we have shown they are
associated with negative mass black holes in de Sitter space.
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